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1. INTRODUCTION 
In the monograph of Kocic and Ladas [1], they give a research project, see [1, p. 46]. To this 
end, we consider the rational recursive sequence 
a + bx~ for n = 0,1,2, . . . ,  (1) 2 Xn+l -- 1 4- Xn_ 1 
where a, b E [0, oc). 
In this paper, we investigate the global attractivity of all positive solutions of equation (1). We 
obtain that the unique positive equilibrium of equation (1) is the global attractor of all positive 
solutions of equation (1) under some conditions. 
2. SOME LEMMAS 
In this section, we give some lemmas which will be needed in this paper. 
LEIVlIvlA 2.1. Let F, H E C[[0, oo), (0, oo)] be nonincreasing in [0, oo) and let ~ E (0, oo) be such 
that F(~) = H(2)  = 2 and [H(x) - F(x)](x - ~) <_ 0 for x >_ O. Assume that 2 is the only fixed 
point of H 2 in (0, oe). Then • is also the only fixed point of F 2 in (0, oo). 
One is referred to [1, Lemma 1.6.4, p. 21]. 
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LEMMA 2.2. Consider the equation 
x,+, = Xn/(X,,Xn-kl,... ,Zn_~,), (2) 
where ki( i = 1 , . . . ,  r) are positive integers. Denote by k the maximum of k l , . . . ,  kr. Also, assume 
that the function f satisfies the following hypotheses. 
HYPOTHESIS HI. f E C[(0, oo) x (0, oc) r, (0, oo)] and g E C[(0, oo) TM, (0, oo)], where g(uo, ul, 
. . . ,  u~) = uof(uo, ul, . .. , u~) for uo ~ (0, oo) and Ul ,  . . . , U r E [0, 0(3) and 
g(0, U l , . . . ,u~)= lim g(uo, u l , , . . . ,u r ) .  
uO---~O +
HYPOTHESIS H2. f (uo ,  U l ,  . . . , Ur )  i s  nonincreasing i n  u l ,  . . . , u r ,  respectively. 
HYPOTHESIS H3. The equation f (x,  x , . . . , x )  = 1 has a unique positive solution ~. 
HYPOTHESIS H4. Either the function f(uo, ul, . , . , ur) does not depend on uo or for every x > 0 
and u >_ O, 
[ f (x ,u , . . .  ,u) - f (~ ,u , . . . ,  u)}(x - ~) < 0, 
with 
[f(x,~,. . . , :~) - f ( :~ ,~, . . . ,~) ] (x -  ~) < 0, 
Now define a new function 
max a(x ,y) ,  
F(z )  = ~<-Y<-~ 
min G(x, y), ~<_u_<z 
where 
for x # 2. 
for 0 < x < 5:, 
forx >~,  
G(x ,y )  = y f (y ,x , . . . , x ) f (x ,x , . . . , x ,y ) [ f ( :~ ,x , . . . , x ) ]  k-1. 
Then we have the following. 
(i) F e el(0, oo), (0, oc)] and F is noninereasing in [0, oo). 
(ii) Assume that F has no periodic points of prime period 2. Then ~ is a global attractor of 
all positive solutions of equation (2). 
One is referred to [1, Lemma 2.3 and Theorem 2.3.1, pp. 36-44]. 
LEMMA 2.3. Consider the equation 
xn+l = F(xn, xn -1 , . . . ,  Xn-k). (3) 
Assume that F = F(uo, Ul , . . . ,  Uk)  is a Cl-function and let 2 be an equilibrium of equation (3). 
I f  all the roots of the polynomial equation 
OF 
~k+l _ ~ _~u (~,.." ,~)~k-~ = o 
lie in the open unit disk [A[ < 1, then the equilibrium • of equation (3) is asymptotic stable. 
One is referred to [1, Corollary 1.3.2, p. 14]. 
LEMMA 2.4. SHUR-COHN CRITERION. Consider the equation 
P(A) = a0A n + aiA n-1 q-.. .  q- an- lA + an = 0. (4) 
Equation (4) has ali its roots in the open unit disk [A[ < 1 if and only if the equation P(z  + 1)/ 
(z - 1) = 0 has ali its roots in the left-half plane Re(z) < 0. 
One is referred to [1, Theorem 1.3.3, p. 11]. 
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LEMMA 2.5. Assume that a > b > 0. Then the  equat ion  x 3 - bx  2 + x - a = 0 has  a un ique  
pos i t i ve  root  ~. 
PROOF. Consider the function ¢(x) = x 3 - bx  2 + x - a. We have 
¢(b) = b 3 - b 3 + b -  a < 0 and ¢(a) = a 3 - ba 2 + a -  a > O. 
So, the equation ¢(x) = 0 has at least a positive root x '  and b < x '  < a. 
Consider now the following two cases. 
CASE I. I f0  < b <_ v~, then ¢'(x) = 3x 2 -2bx+l  _> 0 and the equation ¢'(x) = 3x 2 -2bx+l  = 0 
has only one zero. So, the function ¢(x) is monotonically increasing. Therefore, the equation 
¢(x) = 0 has only one positive root. 
CASE II. If b > v/3, then the equation ¢'(x) = 3x 2 - 2bx  + 1 = 0 has two roots, 
x' b - v~ - 3 x" b + v/b 2 - 3 
- < b and . = < b. 
3 3 
Hence, ¢'(x) = 3(x - x ' ) (x  - x " ) .  On the other hand, we have 
¢(0) < ¢ (x') < ¢(b) < 0 and ¢ (x") < ¢ (x') < ¢(b) < 0. 
So, the equation ¢(x) = 0 has only one positive root. The proof is complete by following the 
above two cases. 
LEMMA 2.6. Set  ¢(x) = ~(1 + 22)5/(1 + x2) 5 (x > 0). Assume that  ~(1 +22) 5 < x/1-1/ll. Then 
¢(¢(x)) = x has  a un ique  pos i t i ve  root  2.  
PROOF. From ¢(x) = 2(1 + 22)5/(1 + x2) 5, we have 
¢(0) = • (1 + 22) 5, ¢(2) = 5c, 
and 
10¢(0)x lim ¢(x)  = 0,  ¢ ' (x )  - -  (1 -I-x2) 6 < 0, q~(~:) = (~_l(~)~),l(x) ---~ 10¢(0) ( l lx  2 1) 
x--*oo (I + z2) 7 
Hence, ¢"(x) < 0 for 0 < x <_ v/1-1/ll. So, ¢(x) is a convex function for 0 < x < vq-1/ l l .  
It is easy to see that ¢(0) <_ 22 holds for 5: <_ v/-;v/2 - 1 and 
1+ > i--i- 
Thus, ¢(0) < v /H / l l  implies ¢(0) < 22. 
Now, we consider two functions ¢(x) and f (x )  = 2Jc - x .  We know that 
10¢2(0) 
¢'(¢(0)) - [1 + ¢2(0)]6 > -1, for ¢(0) _< x/~11 
Thus, by the properties of convex function ¢(x), we have 
¢(x) <22-x ,  fo r0<x<2 and ¢(z) >22-x ,  fo r2<x<¢(0) .  
Hence, by the properties of inverse functions, we get ¢(x) = ¢-1(x) has a unique positive root 
for x > O. 
Thus, the proof is complete. 
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3. MAIN  RESULTS 
THEOREM 3.1. 
(i) Assume that a = 0 and 0 < b <_ 1. Then every positive solution of equation (1) tends 
decreasingly to zero. 
(ii) Assume that a = O, 1 < b < 2 and {Xn} is a positive solution of equation (1). Then there 
exists an no > 0 such that {xn}n°° o tends decreasingly to zero. 
One is referred to [2, Theorem 3.5] for the proof of the above theorem. We omit it. 
x c~ THEOREM 3.2. Assume that b = 0 and 0 < a < 2. Let { n}n=x be a posit ive solution of 
equation (1). Then 
lira xn = 2, 
n - -~ O¢:) 
where 2 is the unique posit ive equilibrium of  equation (1). 
Further, if and only if (X-l,X0) # (2,2), then the semicycles of every positive solution of 
equation (1) have length 2. 
PROOF. Because x,~+l depends only on the term x,~-x, the sequence 
a 
with X_l > 0 and x0 > 0 given 2 , Xn+l  ~ 1 + Xn_  1 
can be studied through the combination of the two independent sequences 
a 
Zn+l - -  1 + z2n '
with z0 = x_ 1 and with z0 = x0. 
Now, we consider the function 
f (x )  = X 3 ÷ X -- a, for x > 0. (5) 
It is obvious that equation (5) has the unique positive root 2 and 0 < 2 < a and 
<0,  fo r0<x<2,  
f (x )=x3+x-a  =0,  fo rx=2,  
>0,  fo rx>5: .  
Note that the sequences {xn } and {zn } have the same positive quilibrium 5: and that the constant 
solution {2} can be obtained if and only if z0 = 2. 
From the observation that 
a(2 - z,~)(zn + 2) 
Zn+ 1 - -  2 = 
(1 + Zn 2) (1 + 2 2) 
follows that 
(Zn+l - 2)(Zn - ~) < 0, whenever z0 ~ 2. 
Therefore, every semicycle of every positive nontrivial solution {zn} has length 1. Consequently, 
every semicycle of every positive nontrivial solution {xn}, with the possible xception of the first 
semicycle, has length 2. 
To show that {x,~} tends to 2, it is sufficient o show that {zn} tends to 2. 
Consider the structure of the semicycles of {Zn} and the formula 
zn+2 - zn = H(zn)  = - (z3 + Zn -- a)(z2n -- azn + 1) 
Hence, we have 
< 0, for z,~ > ~, 
H(zn) l  =0,  fo rzn=~,  
>0,  forzn <~.  
Thus, we conclude that the sequence {z2,~-1 } and {z2n} are monotone bounded sequences each 
converging to 2. So, {x,~} tends to 2. 
Thus, the proof is complete. 
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THEOREM 3.3. Assume that 0 < b < a and 2(1 + 22) 5 < v /H / l l ,  where 2 is the unique 
equilibrium of equation (1). Then 2 is a global attractor of all positive solutions of equation (1). 
PROOF. Equation (1) can be rewritten as follows: 
1 a+bx 2 [ a 
2 - -Xn  L (1 -I- Xn--1) xn+l = Xnxn 1 ~- Xn_ i Xn 2 
[ = Xn x~ (1 + x~_1)2 + - - 1  + Xn_ b + 
bxn + M  
2 1 +xn_ 1 
1 -1 
for n = 1, 2, . . . .  
Set the functions 
f (uo,ul ,u2)  = Uo (1 + u21) 
a-b  b 
and 
g (u0, ul, u2) = uof (uo, ul, u2). 
It is easy to verify that f(u0, ul, u2) and g(uo, ul, u2) satisfy Hypotheses H1-H4 which were 
devised in Lemma 2.2. 
Next, we define a function as follows: 
a 
O(x,y) = y Y(I + z 2) 
a-b  b 
+ ~  
a + b x a 
[2 (1+2 2 ) ~ - ]  [2 ( l+x  2) 
a-b  b 
+ 1---~z2 
Then, the following inequality holds for x < y _< 2: 
c(x'Y)<-,~T~ +,T~ ~(1 +x2) 
a b2(a+b2 ) 
-< ~ + (i + x2) 2 
2(1 + z2)5 
< 
- -  (1 + x2) 5 
= ¢(x) .  
[a~ 2(l+x2)] Ix(1 
b x a 
a } 
+x 2) + ( l+x2)  2 J 
Therefore, we have 
Similarly, we have 
F(x) = max G(x, y) < ¢(x), for x <_ :~. z<_y<~ 
F(x )= min G(x,y) > ¢(x), fo rx>~.  
~<y<_x 
Further, we know that ¢(x) is a monotonic function and ¢(2) = 2. 
Thus, by Lemma 2.6, we know that ¢(¢(x)) = x has a unique positive solution 2 for 2(1 + 22) 5 
<_ v:ff/11. 
By Lemma 2.1, we also obtain that F(F(x))  has a unique positive solution x = • for 2(1 +22) 5 
< v~/11. 
Finally, we know that ~ is the global attractor of all positive solutions of equation (1) by for 
0 < b < a and 2(1 + 22) 5 < v /H / l l  by Lemma 2.2. 
This completes the proof of the theorem. 
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THEOREM 3.4. Assume that 0 < b < a and a + b < 2. Then 
(i) 2 is asymptotically stable; 
(ii) 5: is globally asymptotically stable for 2(1 +5:2) 5 < v /H/ l l ,  where 5: is the unique positive 
equilibrium of equation (1). 
PROOF. Consider the function 
¢(z) = x 3 - bx 2 + x - a. (6) 
Owing to the fact that ¢(b) < 0 and ¢(1) = 2 - a - b > 0, equation (6) has at least one positive 
root x ~ such that b < x ~ < 1. 
By Lemma 2.5, we obtain that equation (6) has the unique positive root 2. So, x ~ = 2 and 
b<5:<: .  (7) 
One can obtain that the linearized equation of equation (1) about the positive equilibrium 5: is 
265: 222 
Yn+l l+~22Yn+~Yn_t=O,  fo rn=0,1 ,2  . . . . .  (8) 
The characteristic equation of equation (8) is 
,~2 2b5: A 25:2 
1"~- :  + 1+5:-'-----: =0 .  (9) 
Now, set A = (z + 1)/(z - 1). Then (9) can be changed into 
:-~p +z\  145: 2) + 
35:2 + 2b5: + 1 
1+22 
= 0. (10) 
Now, we have from (7), 
(2_:25:2 2 
1+22 ] -4 (  
35:2 - 2b2 + 1 
> 0, 
1+5:2 
and 
2 -- 2~ 2 
~ > 0 .  1 +2 2 
Hence, we know that all of the roots of equation (10) lie in the left-hand plane Re(z) < 0. By 
Lemma 2.4, we obtain that equation (9) has all its roots in the open unit disk IAI < 1. Therefore, 
by Lemma 2.3, we know that the equilibrium 5: of equation (1) is asymptotically stable. By 
Theorem 3.3, we know that the equilibrium 5: of equation (1) is globally asymptotically stable 
for ~(1 + 5:2)5 < x /~/ l l .  Thus, the proof is complete. 
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